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The calculation of the decay X(3872)→ D0D¯0pi0 in effective field theory is revisited to include
final state pi0D0, pi0D¯0andD0D¯0 rescattering diagrams. These introduce significant uncertainty into
the prediction for the partial width as a function of the binding energy. The differential distribution in
the pion energy is also studied for the first time. The normalization of the distribution is again quite
uncertain due to higher order effects but the shape of the distribution is unaffected by higher order
corrections. Furthermore the shape of the distribution and the location of the peak are sensitive to the
binding energy of X(3872). The shape is strongly impacted by the presence of virtual D∗0 graphs
which highlights the molecular nature of the X(3872). Measurement of the pion energy distribution
in the decay X(3872)→ D0D¯0pi0 can reveal interesting information about the binding nature of the
X(3872).
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2I. INTRODUCTION
The X(3872) [1] is the first of many exotic charmonium and bottomonium states found in various high
energy experiments since 2003. For reviews of these so-called XY Z mesons and related exotic states,
see Refs. [2–13], and for a review dedicated to the X(3872), see Ref. [14]. The quantum numbers of
the X(3872) have been determined to be JPC = 1++[15], which is consistent with it being a χc1 state
(and it is thus called χc1(3872) in the Review of Particle Physics (RPP) [16], which reflects its quantum
numbers without reference to the internal structure). A striking fact about theX(3872) is that it is essentially
degenerate with the D∗0D¯0 threshold. Currently, the particle data group has the X(3872) mass being
degenerate with mD∗0 + mD0 with an uncertainty of about 0.2 MeV. Therefore, the X(3872) couples
strongly to this channel and its wavefunction should contain a significant component of weakly bound
D∗0D¯0 (plus the charge conjugate channel, which will be implied in what follows). Because of this it is
widely believed that the X(3872) is a hadronic molecule composed of D∗0D¯0.
If theX(3872) is a weakly coupled bound state ofD∗0D¯0 then ideas of effective range theory (ERT) can
be applied to its decays. Voloshin used ERT to compute the decays X(3872)→ D0D¯0pi0 and X(3872)→
D0D¯0γ [17]. For the former decay, the partial width for X(3872) was predicted as a function of the
binding energy, which was much more uncertain at the time of that publication. In the limit of zero binding
energy the D∗0 in the X(3872) is at rest and the partial width for X(3872) → D0D¯0pi0 is equal to that
for Γ[D∗0 → D0pi0] = 36.4 ± 0.98 keV. 1 For the current constraints on the binding energy the X(3872)
should be very close to this limit. However, it is difficult to test this prediction as the total width is only
weakly constrained, Γ[X(3872)] < 1.2 MeV, and the branching fraction to D0D¯0pi0 only is constrained to
be greater than 40% in the RPP [16]. 2
ERT can be systematically improved upon using effective field theory (EFT). For the X(3872) the
relevant effective theory is XEFT [21]. In this theory the relevant degrees of freedom are the D0, D¯0,
D∗0, D¯∗0, and pi0, all treated non-relativistically. In Ref. [21], XEFT was used to calculate the partial
width for the decay X(3872) → D0D¯0pi0. The ERT prediction for X(3872) → D0D¯0pi0 emerges as the
leading order in XEFT, and corrections from pion loops, range corrections, and higher dimension operators
in the effective Lagrangian can be treated systematically. In XEFT pions can be treated perturbatively, and
Ref. [21] found that pion loops gave very small corrections to the decay. By varying the effective range and
coefficients of other operators, Ref. [21] was able to estimate the uncertainty in the ERT prediction for the
1 This value was obtained in Ref. [18] using the current measured values for Γ[D∗+] and the branching fraction for D∗+ →
D+pi0, and using isospin to relate Γ[D∗+ → D+pi0] to Γ[D∗0 → D0pi0].
2 A recent determination of the branching fraction to the D0D¯∗0pi0 mode gives 52.4+25.3−14.3% [19]. It was criticized in Ref. [20]
as the X(3872) bound state feature was not taken into account. The latter reference also gives a branching fraction from the
X(3872) resonance feature for the D0D¯0pi0 extracted from the B decays as (49± 26)%.
3partial width as a function of binding energy. For other applications of XEFT see Refs.[18, 22–31]. For
other EFT approaches to the X(3872) see Refs. [32–40].
In Ref. [7], it was pointed out that operators contributing to pi-D scattering lengths give rise to diagrams
that are the same order in the power counting as those considered in Ref. [21]. The relevant operators were
first written down in Refs. [41, 42], which came after Ref. [21]. The pi-D scattering lengths have been
determined from recent lattice studies [43–45], and part of the goal of this paper is to calculate the impact
they have on the prediction for the partial width of theX(3872) in XEFT. In addition we also includeD0D¯0
rescattering effects, these were first studied in Ref. [46]. We find that including these effects doubles the
uncertainty in the prediction for the partial width found in Ref. [21]. The theoretical uncertainty in the
prediction for the partial width is rather large, for example, it is +50−30% for a binding energy of 0.2 MeV.
In this paper, we also calculate the differential spectrum, dΓ[X(3872) → D0D¯0pi0]/dEpi, where Epi is
the pion energy, for the first time. While the normalization of this rate suffers similar uncertainties, the shape
of this distribution does not. Interestingly, this shape is sensitive to the binding energy and the molecular
nature of the X(3872). The distribution becomes more narrowly peaked near the maximal pion energy as
the binding energy goes to zero. The location of the peak is insensitive to higher order corrections. The
shape of the distribution is sensitive to the molecular nature of the X(3872) because the X(3872) couples
to the final state through a virtual D∗0 propagator which is largest when the momentum of either D meson
in the final state goes to zero. The propagator has a pole at p2D = −γ2 and p2D¯ = −γ2, where pD, pD¯ and γ
are the D meson momentum, D¯ meson momentum, and X(3872) binding momentum, respectively. Thus,
effect becomes more dramatic as the binding energy goes to zero. Amplitudes without the D∗ pole lead to
broad Epi distributions peaked at lower energy.
In the next section we briefly review XEFT as is relevant for our analysis and give the NLO amplitudes
explicitly. In Section III we show the results of the calculations of the partial width and and the differential
distribution in Epi. In Section IV we give our conclusions.
II. NLO PARTIAL DECAY AMPLITUDES OF X(3872)
XEFT [21] combines heavy hadron chiral perturbation theory [47–49] with the Kaplan–Savage–Wise
approach to describing low energy nucleon-nucleon interactions [50, 51]. Similar effective theories have
been developed for other possible hadronic molecules which are located very close to thresholds, for ex-
ample, Zb(10610) and Zb(10650) [52, 53] and the Zc(3900) [54]. For a more detailed discussion of XEFT
we refer the readers to the original work in Ref. [21]. Here we simply quote the XEFT Lagrangian and
comment on the power counting of Feynman diagrams relevant for our present analysis.
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FIG. 1. Feynman diagrams (reprinted from Refs. [7, 21]) up to NLO for calculating the partial decay width of
X(3872) → D0D¯0pi0. The circled cross is the X(3872) field insertion. The thin solid, thick solid, and dashed lines
represent D0(D¯0), D∗0(D¯∗0), and pi0, respectively.
The XEFT Lagrangian we use to calculate the partial decay rate of X(3872)→ D0D¯0pi0 is [7, 21]
L =
∑
φ=D,D¯
φ†
(
i∂0 +
∇2
2MD∗0
)
φ+
∑
φ=D,D¯
φ†
(
i∂0 +
∇2
2MD0
)
φ+ pi†
(
i∂0 +
∇2
2Mpi0
+ δ
)
pi
+
[
g¯
Fpi
1√
2Mpi0
(
DD† ·∇pi + D¯†D¯ ·∇pi†
)
+ h.c.
]
− C0
2
(
D¯D +DD¯
)† · (D¯D +DD¯)
+
[
C2
16
(
D¯D +DD¯
)† · (D¯(←→∇ )2D +D(←→∇ )2D¯)+ h.c.]
+
[
B1√
2
1√
2Mpi0
(
D¯D +DD¯
)† ·DD¯∇pi + h.c.]
+
Cpi
2Mpi0
(
D†pi†Dpi + D¯†pi†D¯pi
)
+ C0DD
†D¯†DD¯ , (1)
where δ = ∆ −Mpi0 ' 7.0 MeV with ∆ = MD∗0 −MD0 , the pion decay constant is Fpi = 91.9 MeV,
the coupling between pions and charmed mesons g¯ ' 0.27 fixed from the updated D∗+ decay width [16],3
and
←→∇ =←−∇ −−→∇ . The last line of Eq. (1) gives rise to pi0D0(D¯0) and D0D¯0 rescattering which were not
3 Notice that g¯ is related to the usually used one g by g¯ = g/2.
5considered in the original Ref. [21]. The Feynman diagrams up to NLO that are relevant to the partial decay
rate of X(3872)→ D0D¯0pi0 are shown in Fig. 1.
To justify the necessity of including the pi0D0(D¯0) and D0D¯0 rescattering diagrams in studying the
partial decay width of X(3872)→D0D¯0pi0, we review the power counting of Feynman diagrams in Fig. 1
that was already discussed in detail in Ref. [21] and Ref. [7]. The relevant momenta involved in the decay
dynamics are {pD, pD∗ , ppi, γ, µ} where γ is the binding momentum,
√
2µ0BX , with BX is the binding
energy and µ =
√
∆2 −M2
pi0
. These momenta are the same order, which we generically denote asQwhich
is also the power counting parameter. For the diagrams in Fig. 1, each pion vertex contributes a factor of Q,
each propagator Q−2, and each loop integral Q5. It was argued in Ref. [21] that C0 scales as Q−1 which is
responsible for the formation of X(3872) bound state, and that C2 and B1 both scale as Q−2 and together
can be parameterized in terms of the effective range in D∗0D¯0 (or D¯∗0D0) scattering. The power counting
of Cpi and C0D was discussed in Ref. [7]. The Cpi contact term can be obtained by matching to the Heavy
Hadron Chiral Lagrangian [41, 47–49]. The NLO investigation of the pi0D0 → pi0D0 scattering indicates
(using Ds and D mass splitting and lattice data) that the NLO amplitude A(pi0D0 → pi0D0) is of order
one, i.e., Cpi ∼ Q0 [41, 42]. If C0D is assumed to be of order Q0 as a natural choice, then the NLO diagram
from D0D¯0 rescattering (diagram (g) in in Fig. 1) scales as Q0. On the other hand, if D0D¯0 rescattering
becomes non-perturbative, then C0D scales as Q−1 which is similar to the scaling of C0 discussed above
and which gives even more significant contribution to the decay of X(3872). With these basic scaling rules
in hand, it is straightforward to check, in Fig. 1, that LO diagram (a) scales as Q−1 and NLO diagrams
(b)–(f) scale as Q0. In addition, depending on whether C0D scales as Q0 or Q−1, diagram (g) scales as Q0
or Q−1.
Next, we list all the decay amplitudes of X(3872) up to NLO, all of which are derived in the rest frame
of the X(3872). The LO amplitude from the tree-level diagram (a) in Fig. 1 is
iALO = g¯ µ0
Fpi
√
Mpi0
~ppi · ~X
(
1
~p 2D + γ
2
+
1
~p 2
D¯
+ γ2
)
, (2)
where µ0 is the reduced mass of the neutral D and D∗ pair, ~pD(D¯) is the 3-momentum of the external
D0(D¯0), ~ppi is the momentum of the final state pi0, ~X is the polarization vector of the X(3872), and γ is
the binding momentum.
The amplitude for diagram (b) in Fig. 1 is given by
iA(b) = − g¯
3
4F 3piM
3/2
pi0
{
2µ0
~p 2D + γ
2
[
~p 2D~ppi · ~XI(2)1 (pD) + ~pD · ~ppi~pD · ~X
(
I(pD)− 2I(1)(pD) + I(2)0 (pD)
)]
+
2µ0
~p 2
D¯
+ γ2
[
~p 2D¯~ppi · ~XI
(2)
1 (pD¯) + ~pD¯ · ~ppi~pD¯ · ~X
(
I(pD¯)− 2I(1)(pD¯) + I(2)0 (pD¯)
)]}
, (3)
6The loop integrals I(p), I(1)(p), and I(2)0,1 (p) are defined in Appendix A, and m1, m2 and m3 should be
replaced by the mass of D∗0, D0 and pi0, respectively.
Diagram (c) in Fig. 1 does not contribute to the NLO calculation of the decay of X(3872)→ D0D¯0pi0
[21]. This is because the D∗0 and D¯∗0 residual mass counterterms cancel the real part of diagram (c) while
the imaginary part does not contribute at NLO since the LO diagram (a) is purely real.
The amplitude for diagram (d) in Fig. 1 is given by
iA(d) = g¯Cpi
4FpiM
3/2
pi0
{
~pD · ~X
[
I(pD)− I(1)(pD)
]
+ ~pD¯ · ~X
[
I(pD¯)− I(1)(pD¯)
]}
. (4)
Again the loop integrals I(p) and I(1)(p) are defined in Appendix A, where m1, m2 and m3 should be
replaced by the mass of D∗0, D0 and pi0, respectively.
The amplitude for diagram (e) reads
iA(e) = −C2 g¯µ
2
0
4piFpi
√
Mpi0
(ΛPDS − γ) ~ppi · ~X
(
~p 2
D¯
− γ2
~p 2
D¯
+ γ2
+
~p 2D − γ2
~p 2D + γ
2
)
, (5)
where ΛPDS is the scale introduced in the power divergence subtraction (PDS) scheme [50] to regularize the
ultraviolet (UV) divergence in the two-point bubble diagram, see Appendix A.
The amplitude for diagram (f) reads
iA(f) = B1 µ0
2pi
√
2Mpi0
(ΛPDS − γ) ~ppi · ~X . (6)
The amplitude for diagram (g) in Fig. 1 is given by
iA(g) = g¯C0D
Fpi
√
Mpi0
~ppi · ~XI(ppi) . (7)
Here the loop integral I(p) is as that defined in Appendix A, where m1, m2 and m3 should be replaced by
the mass of D∗0, D0 and D0, respectively.
7III. IMPLICATIONS OF pi0D0 AND D0D¯0 RESCATTERING
In this section, we numerically investigate the pi0D0 and D0D¯0 rescattering effects for the partial decay
of X(3872)→ D0D¯0pi0. The differential decay rate is
dΓNLO
dp2Ddp
2
D¯
=
dΓLO
dp2Ddp
2
D¯
(
1 +
g¯2µ0γ
3piF 2pi
(
4γ2 − µ2
4γ2 + µ2
)
+ C2 (ΛPDS)
µ0γ (γ − ΛPDS)2
pi
)
− g¯γ
8
√
2pi3Fpi
(√
2
g¯µ0
Fpi
C2 (ΛPDS)−B1 (ΛPDS)
)
(ΛPDS − γ) (~ppi · ~X)2
(
1
p2D + γ
2
+
1
p2
D¯
+ γ2
)
+
1
8pi2
g¯4
F 4pi
γ
Mpi0
[
(~ppi · ~X)2
(
1
p2D + γ
2
+
1
p2
D¯
+ γ2
)(
p2DI
(2)
1 (pD)
P 2D + γ
2
+
p2
D¯
I
(2)
1 (pD¯)
P 2
D¯
+ γ2
)]
+
1
8pi2
g¯4
F 4pi
γ
Mpi0
[
~ppi · ~X
(
1
p2D + γ
2
+
1
p2
D¯
+ γ2
)(
~pD · ~X~pD · ~ppi
p2D + γ
2
(
I(pD)− 2I(1)(pD) + I(2)0 (pD)
)
+
~pD¯ · ~X~pD¯ · ~ppi
p2
D¯
+ γ2
(
I(pD¯)− 2I(1)(pD¯) + I(2)0 (pD¯)
))]
+
Cpi g¯
2γ ~ppi · ~X
16pi2F 2piMpi0µ0
(
1
p2D + γ
2
+
1
p2
D¯
+ γ2
)[
~pD · ~X
(
I(1)(pD)− I(pD)
)
+ ~pD¯ · ~X
(
I(1)(pD¯)− I(pD¯)
)]
+
C0Dg¯
2γ
4pi2F 2piµ0
(~ppi · ~X)2 I(ppi)
(
1
p2D + γ
2
+
1
p2
D¯
+ γ2
)
. (8)
where the last two lines come from the contributions of the two new interactions (i.e., pi0D0 and D0D¯0
contact terms) in the Lagrangian. We have numerically checked that if the two new interaction terms (pi0D0
and D0D¯0 scattering) are ignored, Eq. (8) agrees with the corresponding expression in Ref. [21].
In Fig. 2, we show NLO corrections to the partial decay rate of X(3872) → D0D¯0pi0. The green
band reproduces the results already obtained in Ref. [21], where pi0D0 and D0D¯0 rescattering were not
included. The orange band is the additional correction due to the pi0D0 and D0D¯0 rescattering terms in the
Lagrangian. In Fig. 2, Cpi is set to be 4.1± 0.7 GeV−1 which is derived in Appendix B. Currently, little is
known about C0D. We choose to vary it between a natural range of [−1, 1] fm2 to estimate its impact on the
results. In particularC0D = 1 fm2 corresponds to having aD0D¯0 bound state near threshold with scattering
length approximately equal to a ∼ −mDC0D4pi = − 1262 MeV−1 [46]. All other parameters are set to be the
same as those in Ref. [21]. Note that g¯ differs slightly from the value used in Ref. [21] to be consistent with
the most recent measurement of the decay width for Γ[D∗+] [16], which is the reason why the central line
of Fig. 2 is slightly lower than that in Ref. [21]). The two new interactions give rise to a correction up to
about 25%. Interestingly, D0D¯0 rescattering contribution dominates that of the pi0D0 rescattering whose
correction to the LO decay rate is less than 1%. This is reminiscent of the results obtained in Ref. [21],
where it is found that the contact interaction contribution dominates that from the pion exchange diagrams.
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FIG. 2. Partial decay rate of X(3872) → D0D¯0pi0 versus the binding energy BX of X(3872). The central black
solid line is the LO decay rate. The green band is the NLO correction that has already been obtained in Ref. [21]. The
orange band is the NLO correction coming from the two new interactions, i.e., pi0D0 and D0D¯0 rescattering.
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FIG. 3. Resumming the D0D¯0 rescattering diagram.
Since the D0D¯0 rescattering gives a large NLO correction to the partial decay rate of X(3872) →
D0D¯0pi0, it is interesting to see the resummation effect of final state rescattering as shown in Fig. 3. The
resummation is equivalent to replacing C0D with the effective range expansion [51]
C0D → − 4pi
mD
1
1/a+ ip
(9)
where a is theD0D¯0 scattering length (set to be− 1262 MeV−1 as mentioned above) and p = |(~pD−~pD¯)/2|.
The correction from such a resummation is not significant, though, as is shown in Fig. 4, where the dashed
line (from the resummedD0D¯0 rescattering diagram) only gives a small modification to the solid line (from
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FIG. 4. The NLO corrections from theD0D¯0 rescattering diagram. Solid and dashed lines correspond to contributions
from the D0D¯0 rescattering diagrams without and with resummation shown in Fig. 3, respectively.
the D0D¯0 rescattering diagram without resummation). Overall, the effect of resumming D0D¯0 rescattering
diagram shown in Fig. 3 contributes to less than 1% correction to the LO partial decay rate of X(3872)→
D0D¯0pi0.
Next we investigate the pi0 kinetic energy, Epi, distribution from X(3872) decaying to D0D¯0pi0. The
analytic expression can be obtained readily from Eq. (8) by changing variable from pD¯ to Epi using energy
conservation in the X(3872) rest frame
p2D¯ = 2mD
(
MX −mpi − 2mD − Epi − p
2
D
2mD
)
, (10)
which leads to
dΓ
dEpidp2D
= 2mD
dΓ
dp2Ddp
2
D¯
. (11)
where the prefactor 2mD on the right hand side comes from the Jacobian for changing variables, and pD¯ is
expressed in terms of Epi and pD using Eq. (10). Then the pi0 kinetic energy Epi distribution is obtained by
integrating over pD.
Figure 5 shows the pi0 kinetic energy, Epi, distributions for different binding energies, BX , of X(3872).
AsBX decreases, the location of the peaks shifts to higher energies and the peak is higher and more narrow.
As shown in Fig. 2, the D0D¯0 rescattering gives rise to large NLO corrections, which makes the extraction
of X(3872) binding energy from the partial decay rate difficult without further knowledge of the DD¯
interaction (see also Ref. [46]). Figure 5 shows, however, the location of the peak of the Epi distribution
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FIG. 5. The pi0 kinetic energy distribution for the decay process X(3872) → D0D¯0pi0. Color and line conventions
for the plots are the same as those used in Fig. 2.
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FIG. 6. Effects of the dynamics of D0∗ (and D¯0∗) as indicated in the LO amplitude Eq. (2). The dashed curves
are normalized to have the same areas as the solid curves in each panel respectively. The solid curves are the LO
Epi distribution from Eq. (2) and dashed curves are the LO Epi distribution from Eq. (2) with the D0∗ (and D¯0∗)
propagators set to a constant.
is insensitive to NLO corrections, so it could be a better observable for extracting properties of X(3872).
While the three-body phase-space is important in determining the overall features of Epi distributions, the
sharpness of the peaks is due to the pole from the virtualD0∗ (and D¯0∗) propagator, which is a consequence
of the molecular nature of the X(3872). To further illustrate this point, we do a simple LO analysis of Epi
11
FIG. 7. Shrinking of the D0∗ (D¯0∗) propagators to contact interactions with X(3872).
distribution based on LO amplitude Eq. (2). In Fig. 6, the solid curves are the same as the LO curves shown
in Fig. 5 and dashed curves are LO Epi distribution obtained by setting the D0∗ (and D¯0∗) propagators
in Eq. (2) to a constant which effectively shrinks the propagators to contact interactions with X(3872) as
shown in Fig. 7. Thus the dashed curves come from pure three-body phase-space (×p2pi), while for the solid
curves the location and width of peaks have genuine information about the D0∗ (and D¯0∗) binding in the
X(3872).
IV. CONCLUSIONS
In this paper we revisited the XEFT calculation of X(3872) → D0D¯0pi0 first performed in Ref. [21].
We included corrections from the pi0D0, pi0D¯0 and D0D¯0 rescattering. The D0D¯0 rescattering is by far
the most important. The total uncertainty in the partial width is of order 50% and the D0D¯0 rescattering
accounts for about half. We also calculate the differential distribution in the pion energy. This turns out to
be quite interesting. Because of poles in diagrams with virtual D∗0(D¯∗0) mesons, the distribution is highly
peaked near maximal pion energy. The shape of this distribution is sensitive to the binding energy of the
X(3872). As the binding energy approaches zero, the location of the peak shifts upwards and the peak
becomes narrower and higher. Unlike the partial width, the shape of the distribution and the location of
the peak are insensitive to higher order corrections. It would be very interesting to make an experimental
measurement of this distribution, in particular before the proposal of measuring theX(3872) binding energy
using triangle singularity [55] is realized experimentally.
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Appendix A: Loop integrals
Here we define the loop integrals involved in the calculations. We choose to work in the rest frame of the
decay particle, Pµ = (M,~0). The basic scalar 3-point loop integral is UV convergent, and can be worked
out as [56]4
I(q) = i
∫
ddl
(2pi)d
1(
l0 − ~l 22m1 + i
)(
−b12 − l0 − ~l 22m2 + i
) [
l0 + b12 − b23 − (~l−~q)22m3 + i
]
= 4µ12µ23
∫
dd−1l
(2pi)d−1
1(
~l 2 + c1 − i
)(
~l 2 − 2µ23m3 ~l · ~q + c2 − i
)
= 4µ12µ23
∫ 1
0
dx
∫
dd−1l
(2pi)d−1
1[
~l 2 − ax2 + (c2 − c1)x+ c1 − i
]2
=
4µ12µ23
(4pi)(d−1)/2
Γ
(
5− d
2
)∫ 1
0
dx
[−ax2 + (c2 − c1)x+ c1 − i](d−5)/2
=
µ12µ23
2pi
1√
a
[
tan−1
(
c2 − c1
2
√
ac1
)
+ tan−1
(
2a+ c1 − c2
2
√
a(c2 − a)
)]
, (A.1)
where µij = mimj/(mi +mj) are the reduced masses, b12 = m1 +m2 −M , b23 = m2 +m3 + q0 −M ,
and
a =
(
µ23
m3
)2
~q 2, c1 = 2µ12b12, c2 = 2µ23b23 +
µ23
m3
~q 2. (A.2)
There is no pole for d ≤ 4, and we have taken d = 4 in the last step.
We also need the vector and tensor loop integrals which are defined as
qiI(1)(q) ≡ i
∫
ddl
(2pi)d
li × [integrand of I(q)], (A.3)
4 Note that the 3-point loop integrals defined here are related to those in Ref. [56] by multiplying a factor of 1/(8m1m2m3).
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and
qiqjI
(2)
0 (q) + δ
ij~q 2I
(2)
1 (q) ≡ i
∫
ddl
(2pi)d
lilj × [integrand of I(q)]. (A.4)
They can be expressed in terms of the scalar 2-point and 3-point loop integrals as
I(1)(q) =
µ23
am3
[
B(c2 − a)−B(c1) + 1
2
(c2 − c1)I(q)
]
, (A.5)
~q 2I
(2)
0 (q) =
d− 3
d− 2B(c2 − a) +
c1
d− 2I(q) +
d− 1
d− 2(c2 − c1)
m3
2µ23
I(1)(q), (A.6)
~q 2I
(2)
1 (q) =
1
d− 2B(c2 − a)−
c1
d− 2I(q)−
1
d− 2(c2 − c1)
m3
2µ23
I(1)(q), (A.7)
where the function B(c) = 2µ12µ23Σ(c) with Σ(c) defined as (in the PDS scheme)
Σ(c) ≡
(
ΛPDS
2
)4−d∫ dd−1l
(2pi)d−1
1
~l 2 + c− i
=
(
ΛPDS
2
)4−d
(4pi)(1−d)/2Γ
(
3− d
2
)
(c− i)(d−3)/2
=
1
4pi
(
ΛPDS −
√
c− i
)
. (A.8)
Notice that although the expression for I(2)0 (q) contains the B function, it is in fact UV convergent since
lilj in Eq. (A.4) is converted to qiqj , a factor of the external momentum, for this term. The (d − 3) factor
in front of the B function in Eq. (A.6) cancels the 1/(d− 3) pole term in the B function.
Appendix B: Dpi scattering length
In this appendix, the numerical value of Cpi used in our plots is derived. We use the isospin phase
convention:
∣∣pi+〉 = −|1,+1〉, ∣∣D+〉 = −∣∣∣∣12 ,+12
〉
, (B.1)
while all the other D and pion fields take the positive sign. With this convention, the D0pi0 is expressed in
terms of isospin eigenstates as
∣∣D0pi0〉 = √2
3
∣∣∣∣32 ,−12
〉
+
1√
3
∣∣∣∣12 ,−12
〉
. (B.2)
Then the D0pi0 → D0pi0 scattering length receives contributions from both isospin I = 1/2 and I = 3/2
channels as
aD0pi0 =
2
3
a
3/2
Dpi +
1
3
a
1/2
Dpi = (0.06± 0.01) fm, (B.3)
where we have used a1/2Dpi = 0.37
+0.03
−0.02 fm and a
3/2
Dpi = −(0.100± 0.002) fm from Ref. [43].
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Then the dimensionless scattering amplitude at threshold with the relativistic normalization is
AD0pi0(
√
s = MD0 +Mpi0) = 8pi(MD0 +Mpi0)aD0pi0 . (B.4)
Matching the above expression to 2MD02Mpi0Cpi/(2Mpi0) gives
Cpi = 4pi
(
1 +
Mpi0
MD0
)
aD0pi0 = (4.1± 0.7) GeV−1. (B.5)
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